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STOKES FLOWS INSIDE A SPHERE 

V. M. Bykov UDC 532.516 

1 .  P a i r  o f  S t r e a m  F u n c t i o n s  o f  T h r e e - D i m e n s i o n a l  F l o w  

L e t  f2 be  a s p h e r e  of r a d i u s  R wi th  the  c e n t e r  a t  the  o r i g i n  of c o o r d i n a t e s ,  Or, e0,  and e~0 be uni t  v e c t o r s  
of the  s p h e r i c a l  c o o r d i n a t e  s y s t e m  ( r ,  0, ~0), and r = r e  r .  We d e s i g n a t e  the  s p a c e  of i n f in i t e ly  d i f f e r e n t i a b l e  
s o l e n o i d a l  v e c t o r  f i e l d s  in the c l o s e d  s p h e r e  ~ a s  V. In V we i s o l a t e  the s u b s p a c e s  

V- = {v ~ VIv'er = 0}, V+ = {v ~ V[rot v.e~ = 0}. 

With  any  func t ion  F ~ C=(~) one can  a s s o c i a t e  a f i e ld  v - (F)  ---- rot F r  ~ V-. C o n v e r s e l y ,  i f  a f i e ld  
v -  ~ V-  i s  g iven ,  then  f r o m  the c o n d i t i o n  div v -  = 0 we ge t  

o (v~- ~in 0)  • o ~  0, 
O0 ' Oq) ~- 

and t h e r e f o r e  t h e r e  e x i s t s  a func t ion  F -  ~ C-(~.) such  tha t  

OF- 
O F -  = U'O sin O, --gO- ~ - -  v~. a~ 

It is  v e r i f i e d  tha t  v -  = v - ( F - )  -- r o t  F-r. 

With any  func t ion  F ~ C~(~) one c a n  a l s o  a s s o c i a t e  a f i e ld  v+(F) = rot rot F r  ~ V+. 
g iven ,  then f r o m  the cond i t i on  r o t  v +" e r = 0 we ge t  

o (4 in O) a--f" aw O, 

If a f ie ld  v+ ~ V+ is 

and t h e r e f o r e  a func t ion  G ~ C~(~) e x i s t s  such  tha t  

aG +sinO, aG v+. o-+- = v~ ~ -  = 
r 

D e f i n i n g  F + (r, 0, q~) = V 0a (9, 0, q~) d9, we can  v e r i f y  tha t  the a n g u l a r  f ie ld  c o m p o n e n t s  r o t  r o t  F + r  c o i n c i d e  with 
0 

the  c o r r e s p o n d i n g  c o m p o n e n t s  v +, and s i n c e  the r a d i a l  c o m p o n e n t  of the f i e ld  v wi thout  a s i n g u l a r i t y  a t  the  o r i -  
gin of c o o r d i n a t e s  is  un ique ly  e x p r e s s e d  t h rough  the  a n g u l a r  c o m p o n e n t s  f r o m  the cond i t i on  div v = 0, we have  
v + = v+(F  +) = r o t  r o t  F + r .  

The c o r r e s p o n d e n c e s  F ~ v - ( F )  and F ~ v + ( F )  de f ined  above  a g r e e  wi th  the  t a k i n g  of the r o t  and l e a d  to 
a s c a l a r  L a p l a c e  o p e r a t o r  A = d iv  g r a d :  C ~ ( ~  ") - * C ~ ( ~  ") and a v e c t o r  o p e r a t o r  A = - - r o t  r o t :  V ~ V .  Tha t  i s ,  
the  fo l lowing  equa t ions  a r e  v a l i d :  r o t  v - ( F )  = v+(F) ,  r o t  v'+(F) = - v - ( A F ) ,  A v  ~ (F) = v ~ (AF) .  S ince  v" (F )  = 
r o t  F r  = g r a d  F •  r ,  the s t r e a m l i n e s  of the f i e ld  v - ( F )  a r e  i n t e r s e c t i o n s  of s u r f a c e s  F = c o n s t  wi th  s p h e r e s  r = 

a (rF) is  i t s  p o t e n t i a l .  If  c o n s t ;  F is  the s t r e a m  func.tion for  v - ( F ) .  If the  f i e ld  v+(F) is  i r r o t a t i o n a l ,  then  -~7 

v+(F)  has  a x i a l  s y m m e t r y ,  then i ts  s t r e a m  func t ion  has  the  f o r m  T = - -  r sin OaF~nO. Since  a l l  p o t e n t i a l  f i e l d s  
and a l l  a x i s y m m e t r i c  f i e lds  wi thou t  t w i s t  and with  the  cond i t i on  of s o l e n o i d a l i t y  be long  to V +, F g e n e r a l i z e s  the 
s t r e a m  func t ion  and the  p o t e n t i a l  of the  f i e ld  v+(F)  a t  the  s a m e  t i m e .  

We c a n  show tha t  any  f ie ld  v ~_ V is r ep~ :esen ted  un ique ly  in  the  f o r m  v = v - + v  +, w h e r e  v -  ~ V- and 
v+ ~ V+. We d e t e r m i n e  the func t ion  F + ( r ,  0, ~0) fo r  each  f ixed  r ,  0 < r < - R ,  a s  the  s o l u t i o n  of the  equa t ion  
A0~oF = - r v  r s a t i s f y i n g  the c o n d i t i o n  

~sS F+dS=O, 

w h e r e  S r is  a s p h e r e  of r a d i u s  r c o n c e n t r i c  wi th  ~2 and 

(1.1) 
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h0,~ -= ~ s in  0 -{- sin ~ 0 0~ ~ 

i s  the  a n g u l a r  p a r t  of the  L a p l a c e  o p e r a t o r .  The cond i t i on  of s o l v a b i l i t y  of th is  equa t ion  is  s a t i s f i e d :  

.! y rvrdS = r ] ~ vrdS = r Y.f S d i v v d ~  = 0. 
Sr Sr ~r 

F r o m  the  i n t e g r a l  equa t ion  fo r  the  s o l u t i o n  ([1], s u p p l e m e n t  I1) we ge t  F+ ~ C~(~). It is  v e r i f i e d  tha t  t h e r a d i a l  
f i e ld  c o m p o n e n t  v+ = rot rot F+r ~ V+ c o i n c i d e s  with v r ,  s o  tha t  v -  = v - -  v+ ~ V-, and the  sough t  e x p a n s i o n  
v = v - + v  + has  been  ob ta ined .  To d e m o n s t r a t e  i t s  un iquenes s  i t  is  s u f f i c i e n t  to  p r o v e  tha t  IT- /-] V+ = {0}. Le t  
v ~ V- N V+. F r o m  v ~ V+ i t  f o l l ows  tha t  v = r o t  r o t  F r ,  whi le  f r o m v  ~ IT-, i t  fo l lows  tha t  v r  = 

~ h0,~F = 0, f r o m  which  F = F( r )  and v = r o t  r o t  F r  = 0. Thus ,  the fo l lowing  t h e o r e m  has  been  p r o v e d .  

THEOREM 1. F o r  any  v e c t o r  f i e ld  v ~ V t h e r e  e x i s t  two func t ions  F - ,  F+ ~ C~(~) such  tha t  

v = rot F--~ ~- rot rot F+r. 

The  func t ions  F -  and  F + a r e  d e t e r m i n e d  with  the a c c u r a c y  of the a d d i t i o n  of a r b i t r a r y  func t ions  of r .  If  we 
r e q u i r e  tha t  the  c o n d i t i o n  (1.1) be  s a t i s f i e d  fo r  both  func t ions  F •  then  they  a r e  un ique ly  d e t e r m i n e d .  F o r  such  
func t ions  F • the  c o n d i t i o n  of i m p e r m e a b i l i t y  of the  b o u n d a r y  S of the  s p h e r e  12 has the  f o r m  F+I r=R = 0, w h i l e  

the  cond i t i on  of a t t a c h m e n t  to  S i s  F -  I~=R = F+  I*=~ = ~0F+ ]~=~ = 0. 

The l a t t e r  s t a t e m e n t s  of the  t h e o r e m  a r e  v e r i f i e d  d i r e c t l y .  The func t ions  F • i n t r o d u c e d  a l l o w  one to find 
a l l  the  u n i f o r m  h e l i c a l  f lows i n s i d e  the  s p h e r e ,  i . e . ,  the  s o l u t i o n s  of the  equa t ion  r o t  v = Xv with  the  cond i t i on  
of i m p e r m e a b i l i t y  of the  s p h e r e  S. F o r  such  a v the  func t ion  F -  s a t i s f i e s  the  H e l m h o l t z  equa t ion  A F -  = - X 2 F -  
and the b o u n d a r y  cond i t i on  F - l r = R  = 0, f r o m  which  F -  is  e a s i l y  found [2]. The  func t ion  F + is d e t e r m i n e d  f r o m  
the  r e l a t i o n  F -  = i~F ~. This  c o u r s e  fo r  s e e k i n g  a l l  the  u n i f o r m  h e l i c a l  f lows i n s i d e  a s p h e r e  is  c o n s i d e r a b l y  
s h o r t e r  t han  the  o r i g i n a l  one of [3]. 

N 
2 .  E i g e n v e c t o r s  o f  t h e  A O p e r a t o r  

The de f in i t i on  of the  ~ o p e r a t o r  and the  H i l b e r t  s p a c e  J~ in which  i t  o p e r a t e s  c a n  be  found in [4]. F o r  
our  p u r p o s e s  i t  is  e s s e n t i a l  tha t  the  e i g e n v e c t o r s  of th is  o p e r a t o r  b e  f i e ld s  v ~ V, s a t i s f y i n g  the s y s t e m  of e q u a -  

t ions  
Av = ~Av - -  grad H = --).v (2.1) 

and  the a t t a c h m e n t  cond i t i on  
vls -~ 0. (2.2) 

F i r s t  l e t  us f ind the  e i g e n v e c t o r s  v ~ V-. Le t  v = v - ( F )  = r o t  F r ,  w h e r e  F s a t i s f i e s  the  cond i t i on  (1.1). 
S ince  hv- (F)  = v - ( A F ) ~  V-, we  h a v e  g r a d  H = r a y  -b kv ~ IT-. On the  o t h e r  hand ,  grad H ~ V+, and,  f r o m  the 
p r o o f  in Sec .  1, g r a d  H = 0. T h e r e f o r e ,  (2.1) t a k e s  t he  f o r m  r a y  = - h r .  By v i r t u e  of the  u n i q u e n e s s  of the  r e -  
c o n s t r u c t i o n  of F f r o m  v wi th  the  c o n d i t i o n  (1.1) and the  i d e n t i t y  Av- (F)  = v - ( ~ F ) ,  we  have  

vAF = --)~F. (2.3) 

The a t t a c h m e n t  c o n d i t i o n  (2.2) has  the  f o r m  
F[r=R = 0. (2.4) 

I t  is  we l l  known [2] t h a t  the  p r o b l e m  (2.3),  (2.4) c a n  h a v e  n o n t r i v i a l  s o l u t i o n s  which  a r e  con t inuous  a t  the  o r i g i n  

of c o o r d i n a t e s  on ly  when )~ = ~ = v and to  e a c h  v a l u e  X~n t h e r e  c o r r e s p o n d  2 n + l  l i n e a r l y  i n d e p e n d e n t  

s o l u t i o n s ,  for  which  we  c a n  t ake  

( the v a l u e  n = 0 is  exc luded  by  v i r t u e  of (1.1)),  w h e r e  #kn  is the  k - t h  nul l  of the  B e s s e l  func t ion  Jn+l/2(z ) in m a g -  

ni tud e ,  

m 0 m Yn(,r for O~<m~<n,  

Y,~(" O~q~)= P~I(cosO)sinl rnlq~ for - - n  ~-~m<O,  

1/ C~nn-.- 1 1 2n + t (n -- I m I )! 
' Mjn+_~(~thn)  ;~8 m n ( n + t )  ( n + l m ] ) l '  % = 2 ,  em----I for  m=/=0. 
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The last constant is calculated from the normalization condition 5i S~'df~-----i, where v2 = v'v and v=rot E~nnr. 

Now l e t  us  c a l c u l a t e  the  e i g e n v e c t o r s  v ~ V+. L e t  v = v+(F)  = r o t  r o t  F r ,  w h e r e  F s a t i s f i e s  the  c o n d i -  
t ion  (1.1).  A p p l y i n g  the  r o t  o p e r a t o r  to both s i d e s  of (2.1),  we  ob ta in  vh(o = --~.(o, w h e r e  to = r o t  v = r o t  v+(F)  = 
- v - ( A F ) .  S ince ,  in a d d i t i o n  to F ,  the  func t ion  G = A F  a l s o  s a t i s f i e s  the  cond i t ion  (1.1),  by  a n a l o g y  with  Eq.  
(2.3) we  ob ta in  

rAG = --~G. (2.6) 

S ince  G ~ C~(~2), G is  expanded  into  a u n i f o r m l y  c o n v e r g i n g  s e r i e s  by  s p h e r i c a l  h a r m o n i c s ,  

c = ~.~ E g~ (r) Y~. (Q, +) = =v E c m,, (2.7) 

( the t e r m  c o n t a i n i n g  n = 0 is  a b s e n t  by  v i r t u e  of (1.1)).  The  s p a c e  of funct ions  of the  f o r m  g ( r ) y m ( 0 ,  ~o) is  i n -  
v a r i a n t  r e l a t i v e  to  the  L a p l a c e  o p e r a t o r ,  s o  tha t  e ach  t e r m  of the  s e r i e s  (2.7) is  a s o l u t i o n  of Eq.  (2.6),  and h e n c e  

equa l s  

Gm _~_ ~ n , 1 V'7 J~-~T r Y'~ (0, q~). 

L e t  F = ~ F~  be  an  e x p a n s i o n  ana logous  to (2.7).  I t  fo l lows f r o m  Eq.  (2.6) tha t  the  func t ion  t I ~ . =  vF~,X m 

Gn m is  h a r m o n i c .  The  a t t a c h m e n t  cond i t i on  (2.2) has  the  f o r m  

FI~=, =OF/OrI,=R = O. (2.8) 

F r o m  the u n i q u e n e s s  of the e x p a n s i o n s  of F and a F / a r  by  s p h e r i c a l  h a r m o n i c s  a t  r = R i t  fo l lows  tha t  the  c o n -  
m d i t i on  (2.8) is a l s o  v a l i d  for  each  F n . We have  

, (,/-E q~). 
V ~  ~ + z  k r ] 

A h a r m o n i c  func t ion  Hn m s a t i s f y i n g  this  cond i t i on  can  be  c h o s e n  in the  f o r m  

H r n -  Cn ,1-n+~ V f R r n m n - -  Yn (0~ ~). 

This  func t ion  is un ique ly  d e t e r m i n e d  by v i r t u e  of the  un iquenes s  of the  s o l u t i o n  of the D i r i c h l e t  p r o b l e m  for  the  

L a p l a c e  equa t ion .  The  c o n d i t i o n  --gT-r ,= :  = 0 g ives  J~+~  R = 0, f r o m  which  L = L +k~ = v ~ ] ,  

- ~). (2.9) 

S i n c e  the  func t ions  Jn+~2(z) do no t  have  c o m m o n  nul ls  for  d i f f e r e n t  n, only 2n+ 1 t e r m s  c o r r e s p o n d i n g  to a f ixed  
n can  t ake  p a r t  in  the e x p a n s i o n  (2.7) and the  ana logous  e x p a n s i o n  fo r  F .  Thus ,  to each  v a l u e  of ken  t h e r e  c o r -  
r e s p o n d  2n+ 1 l i n e a r I y  i n d e p e n d e n t  so Iu t ions  of the  p r o b l e m  (2.1), (2.2),  for  which  one can  t a k e  the  f i e ld s  v = 
r o t  r o t  F~nn+r, w h e r e  F ~  + is g iven  by  Eq.  (2.9) with k, n-> 1, tml-< n, and 

d ~th,n+l t 2 n + i  (n - - tml ) l  

Now l e t  us  c o n s i d e r  an  a r b i t r a r y  e i g e n v e c t o r  v ~ V. We have  v = v - + v  +, and ,  by v i r t u e  of the i n v a r i a n c e  
of the s u b s p a c e s  V-  and V + r e l a t i v e  to  the  ~ ope ra to r~  the f i e lds  v -  and v + t h e m s e l v e s  a r e  e i g e n v e c t o r s  wi th  

one and the s a m e  e i g e n v a l u e s .  F o r  n >  1 t h i s  va lue  i s  2~-~ = v Li,~_l. I t h i s  c a s e  f o r  e a c h  k > - l v  i s  a 

l i n e a r  c o m b i n a t i o n  of 4n f i e l d s ,  a l r e a d y  c o n s t r u c t e d ,  of the  f o r m  r o t  F~m-r , ] m l -  < n, and r o t  r o t  F ~ +  l r ,  lml<-- 
n - 1 .  F o r  n = 1 and a n  a r b i t r a r y  k we have  v + = 0, wh i l e  v -  is  a l i n e a r  c o m b i n a t i o n  of t h r e e  f ie lds '  of the  f o r m  

m -  
r o t  Fk l  r ,  m = - 1 ,  0, 1. We a l s o  no te  tha t  the  s p a c e s  V-  and V + a r e  o r thogona l  in  the  s e n s e  of the s c a l a r  
p r  oduc t 
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Using the p rope r t i e s  of the ~ opera tor  demons t ra ted  in [4], we obtain the following re su l t .  

THEOREM 2. Fields of the f o r m  V~n- = r o t  F~n} and v ~  + = r o t  r o t  F ~ + r ,  where  k, n_> 1, lml -< n, while 
the functions F~n• a r e  ass igned by Eqs.  ~.5)  and (2.9), r e spec t ive ly ,  f o r m  an  or thonormal  basis  In the space  
J'(~). 

3.  S o l u t i o n  of  t h e  S t o k e s  S y s t e m  o f  E q u a t i o n s  

F i r s t  let  us consider  the ca se  of potent ial  mass  fo rces  F = - g r a d  U. The Stokes equations have  the v e c -  
tor f o r m  

Or/Or -~ ~Av - -  grad H, (3.1) 

To the s y s t e m  (3.1) we m u s t  add the continuity equation 

die v = 0, (3.2) 

where  H = pip + v2/2 + U is  L a m b '  s function. 

the a t t achment  condition 

and the initial  condit ion 

Vls ---- 0, (3.3) 

v l ,=0 = Vo. (3.4) 

The p rob l em (3.1)-(3.4) can be t rea ted  as the p rob l em of finding the field v belonging to the reg ion  of 
definit ion of the ~ opera to r  sa t i s fy ing the equation 

ovlot = T~v (3 .5)  

and the initial  condition (3.4) (see [4]). The solution of the l a t t e r  p rob lem is r e p r e s e n t e d  by the Four i e r  s e r i e s  
n 

v(t) = ..~ ~_~ [ a h ~ e x p ( - - k ; t ) v ~ - + - b ~ n e x p (  -'+t'~v'n+l,~hn ! k~ j, (3.6) 

- - - s i s  --= 
where  ah, = (Vo, v~, } = Vo.Vh~ fl; b~ = (v0, vh~ ) -- v0.v~+d~. It  was shown in [41 that  the s e r i e s  (3.6) 

sa t i s f i es  Eqs.  (3.1) and (3.2) and the boundary condition (3.3) with t> 0 for  any Vo~ J~ with the initial con-  
dition (3.4) being sa t is f ied  in the s ense  of v(t) tending toward v0 as t - - -+0 with r e s p e c t  to the no rm of the space  
J~ In order  for  the s e r i e s  (3.6) to r e p r e s e n t  the c l a s s i c a l  solution of the p rob lem (3.1)-(3.4) it is suff ic ient  
that  the field v0 be twice continuously d i f ferent iable  up to the boundary of ~2 and sa t i s fy  the conditions (3.2) and 
( 3 . 3 ) .  

In the c a s e  of an a r b i t r a r y  m a s s  fo rce  field~ depending on t ime,  genera l ly  speaking,  under the a s s u m p -  
tion of s ingle  continuous di f ferent iabi l i ty  of this field inside ~" we r e p r e s e n t  it in the f o r m  F = F l - g r a d  U, 
where  U i s  the solution of the Neumann p r o b l e m  

(3.7) 
AU ~ --die  F, 

0__U_U0n s = - -  F.n,. (3.8) 

and n is the unit vec to r  of the outer normal  to S. Then to the r igh t  s ides of Eqs.  (3.1) and (3.5) we add the 
t e r m  F1, which sa t i s f i e s  the conditions die F 1 = 0 and F 1 �9 n = 0 by v i r tue  of (3.7) and (3.8) and the re fo re  belongs 
to J~ Solving the equations obtained together  with the conditions (3.2)-(3.4), jus t  l ike the boundary p r o b l e m  
for  the inhomogeneous equation of hea t  conduction in [1] or [2], we find that  to the s e r i e s  (3.6) we mus t  add the 
s e r i e s  

k exp [--  k~  (t - -  ~)] ]rn (~) d~ v;:-  

~h~,o f t .  (t) = <F1, vrz> = S j  S Fl.vr.-~a, 

gr. (0= <F,, vr.% = S ~ S F"vr"+de" 
f l  
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F r o m  the expansion (3.6) it is seen  that in the ca se  of potent ial  mass  f o r ce s ,  some  t ime  a f te r  the s t a r t  
of the flow, r e g a r d l e s s  of the initial  condition, the lowes t  ha rmon ic  will p redomina te  in it, 

1 
m - -  t m ~ ~  E aHexp( - -E1 ,  ) v , 1 ,  

?/12--  1 

i t  r e p r e s e n t s  d i f ferent ia l  ro ta t ion  about some  axis p ropor t iona l  to the a~imuthal  component  of a he l ica l  Hill 
vo r t ex ,  descr ibed  in [5], and damped in p ropor t ion  to exp ( -20.19~R-2t) .  
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N O N I S O T H E R M A L  F L O W  I N D U C E D  BY T H E  S Q U E E Z I N G  

O F  A N O N - N E W T O N I A N  F L U I D  F I L M  B E T W E E N  

T W O  P A R A L L E L  P L A T E S  

Y u .  V .  K a z a n k o v  a n d  V.  E .  P e r v u s h i n  UDC 532.5:532.135 

In the p r e s s u r e  fo rming  of th in -shee t  products ,  the po lymer  me l t  is injected into the cavi ty  formed by 
pa r t i a l ly  contact ing ha l f -molds .  The next s tage  is the joining of the ha l f -molds ,  during which t ime the me l t  is 
squeezed to fill  the mold cavi ty  and harden  a t  the end of the p r o c e s s .  

Here  we cons ider  the p r o b l e m  of noniso thermal  flow induced in a mol ten po lymer  f i lm between two 
pa r a l l e l  p la tes  (half -molds) ,  which a r e  squeezed together  a t  a r a t e  v in the di rect ion normal  to the plane of the 
p la tes .  We inves t iga te  the t e m p e r a t u r e  r e g i m e  of the fluid cooling p roces s  as a function of the governing 
p a r a m e t e r s  of the p rob l em.  

I t  is a s sumed  that  the fluid is i n c o m p r e s s i b l e  and obeys a power  rheologicaI  law, where  the cons i s tency  
depends on the t e m p e r a t u r e  T: p = ~ ( ~ .  

The t e m p e r a t u r e  of the fluid at  the init ial  t ime  is T0, and the wall  t e m p e r a t u r e  is T w (Tw<<T0). 

To the bes t  of our knowledge, this kind of p r o b l e m  has been investigated only in [1]. However ,  to s i m -  
pl i fy the solution the authors  have,  without just i f icat ion,  r e j ec t ed  the convection t e r m  in the hea t -ba l ance  equa- 
tion. 

We introduce a cyl indr ica l  coordinate  s y s t e m  with the z axis  di rected perpendicu la r  to the plane of the 
pla tes  and with the origin s i tuated at  the cen te r  of the lower pla te  (Fig. 1). The rad ius  of the fluid f i lm R(t) is 
a function of the t ime t and is de te rmined  f r o m  the condition of a cons tant  initial vo lume of the fluid. 

Taking axia l  s y m m e t r y  into account,  we find that the tangent ia l  component  of the ve loc i ty  vr  and the 
de r iva t ives  of al l  va r i ab l e s  with r e s p e c t  to ~p a r e  equal to zero .  

Under the condition that  body forces  and s u r f a c e - t e n s i o n  fo rces  a r e  negligible,  the stated p rob l em c o r -  
responds  to the s y s t e m  of equations 
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